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The paper presents a one-dimensional model for anisotropic active slender structures that captures arbitrary cross-sec-
tional deformations. The 1-D geometrically-nonlinear static problem is derived by an asymptotic reduction process from
the equations of 3-D electroelasticity. In addition to the conventional (bending–extension–shear–twist) beam strain mea-
sures, it includes a Ritz approximation to account for arbitrary deformation shapes of the ﬁnite-size cross-sections. As a
particular case, closed-form analytical expressions are derived for the linear static equilibrium of a composite thin strip
with surface-mounted piezoelectric actuators. This solution is based on a boundary-layer approximation to the static equi-
librium equations in regions where Saint-Venant’s principle for elastic bodies cannot be applied and includes camber bend-
ing deformations to account for the local bimoments induced by the distributed actuation in a ﬁnite-width strip.
 2007 Elsevier Ltd. All rights reserved.
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Boundary-layer analysis1. Introduction
The increasing availability of multifunctional materials has boosted the opportunities for novel applications
of active structures in a wide number of physical systems. Various sensors and actuators are integrated within
the structure to perform a variety of tasks, including vibration control, shape adaptiveness, and structural
health monitoring, among others. Chopra (2002) and Song et al. (2006) have presented comprehensive reviews
of the current status of the modeling tools and technological applications of active structures in aerospace and
civil engineering, respectively. From the diﬀerent conﬁgurations under study, the interest here is in composite
slender structures with embedded or surface-mounted piezoelectric actuators. The presence of a dominant
dimension makes one-dimensional structural models desirable for the analysis of such active structures.0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2007.11.011
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and elastic ﬁelds; second, distributed actuation often involves local eﬀects in the structural deformation, which
are neglected in standard (Timoshenko-like) beam theory, based on the BEST (bending–extension–shear–
twist) description. An important example of the latter is the deformation in camber bending that appears
in thin strips with isotropic piezoelectric actuators (Bernhard and Chopra, 2001). This is a deformation
neglected in beam theory that may inﬂuence, for instance, the aeroelastic response of wings by change of
the eﬀective airfoil camber (Walter and Anderson, 1971). Therefore, the generality of a 1-D model for active
beams will then depend on its ability to capture those non-classical eﬀects. It should be noted that, to avoid
this complexity, researchers have often analyzed active structures through plate models, even in situations for
a dominant spatial direction (McCarthy and Chattopadhyay, 1997).
A previous work by the authors (Palacios and Cesnik, 2005) has addressed both problems in an asymptotic
formulation for the dimensional reduction of the 3-D equations of solid electromechanics to a 1-D active beam
model. The variational–asymptotical analysis of anisotropic beams of Cesnik and Hodges (1997) was used for
the analysis, and an expanded characterization of the beam deformation was introduced through assumed
ﬁnite-section modes. These are general arbitrary measures of higher-order (non-classical) deformations
deﬁned by assumed cross-sectional modal shapes of the warping ﬁeld (a Ritz-type procedure). The introduc-
tion of these ﬁnite-section modes allow capturing the deformation induced by an arbitrary conﬁguration of
embedded actuators within the context of a 1-D formulation. This paper develops the resulting static equilib-
rium equations in the subsequent 1-D model. The BEST description of the beam deformation is expanded to
include both the amplitudes of these ﬁnite-section modes and strain-like measures of their rates of change
along the reference line. The formulation is constructed upon the intrinsic beam equations of Hodges
(1990). The methodology is applied here to the analysis of camber deformation induced by piezoelectric actu-
ators in thin composite strips. Numerical examples as well as theoretical considerations will show the feasibil-
ity and relative importance of adding these eﬀects to 1-D models.2. Theoretical development
Consider the slender solid of slowly-varying cross-sectional shape of Fig. 1. Two characteristic lengths are
involved in its deformation: (1) the cross-sectional characteristic dimension, h; (2) the characteristic wave-
length, l, of the elastic response along the longitudinal dimension, of typical length L. The assumption of slen-
derness implies that h/l 1.
One can deﬁne a (curved) reference line r along the longitudinal direction of the undeformed solid, deﬁned
by the curvilinear coordinate x1, which transforms into the deformed line R. In addition to this, a local coor-
dinate system b, given by the base vectors {bi(x1)} (i = 1,2,3), is also deﬁned on each point along the unde-
formed line, which transforms into a deformed frame B, with base vectors {Bi(x1)}. A global inertial
reference frame, a, with base vectors {ai(x1)} is also deﬁned. If R(x1, t) is the position vector of the reference
line, then the local 3-D position vector, X, can be written without loss of generality as,a3
a1
a2
b1
b3 b2
B3 B2
B1
r
R
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h
R
X
Fig. 1. Coordinate frames in the deformation of a slender solid.
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where wqi are approximating functions for the non-classical cross-sectional deformations of the solid (referred
to as ﬁnite-section modes), with associated amplitudes q, and w^ is the residual warping displacement ﬁeld. Sev-
eral orthogonality constraints are imposed on both the warping ﬁeld and the ﬁnite-section modes to give a
unique description of the deformation (Palacios and Cesnik, 2005), asZ
Aðx1Þ
wTe w^dA ¼
Z
Aðx1Þ
wTe wq dA ¼
Z
Aðx1Þ
wTq w^dA ¼ 0; ð2Þwhere the domain of integration, A(x1), is the area of the cross-section andwe ¼
1 0 0 x2 x3 0
0 1 0 0 0 x3
0 0 1 0 0 x2
264
375: ð3ÞSpatial diﬀerentiation of Eq. (1) deﬁnes the local Jaumann–Biot–Cauchy strain tensor (Danielson and Hod-
ges, 1987) in the solid asC ¼ Cccðx1Þ þ Cjjðx1Þ þ Cqqðx1Þ þ Cq0q0ðx1Þ þ Cww^þ Clw^0; ð4Þ
where C(•) are a set of linear operators deﬁned by Cesnik and Hodges (1997), and c and j are the column
matrices of generalized force and moment strains, respectively, deﬁned as function of the rotation matrix from
frame a to B, CBa(x1, t), and the curvature vectors of the deformed (K = KB,iBi) and undeformed (k = kb,ibi)
reference lines, asc ¼ c11 2c12 2c13f gT ¼ CBaR0a  e1;
j ¼ j1 j2 j3f gT ¼ KB  kb:
ð5Þwhere e1 ¼ 1 0 0f gT. The deformation of the slender solid is then deﬁned by two set of variables: (1) the
averaged measures of deformation along the reference line {c,j,q,q
0
}, which are only functions of the longi-
tudinal coordinate, x1, and will be referred to as long-scale variables, and (2) the residual local warping ﬁeld
and its derivatives fw^; w^0g, which will be referred to as small-scale variables. In the limit h/l! 0 the section has
negligible area and thus the warping goes to zero. In that case, only the classical beam strain measures {c,j}
will be left, to quantify the deformation of the reference line. The condition of slenderness, h/l 1, ensures
that the energy contributions of these small-scale variables in the classical description will be small compared
with those of the long-scale variables. For a formulation with non-classical modes, we will assume that this
condition still holds, although this will depend on the magnitude of the external loads and needs to be veriﬁed
a posteriori. If this assumption holds, we can eﬀectively deﬁne a multi-scale problem in the slender solid.2.1. Small-scale (cross-sectional) problem with prescribed electric ﬁelds
For a prescribed electric potential ﬁeld, u(x1,x2,x3), acting in the solid, the internal (elastic) energy per unit
length of the elastic slender solid is deﬁned asU ¼
Z
Aðx1Þ
1
2
cijklCijCkl  ekijCijrku
 
dA; ð6Þwhere cijkl and ekij are the local elastic and piezoelectric material constants, respectively. Note that the electro-
static contributions (electric displacement · electric ﬁeld) to the internal energy have no interest for prescribed
ﬁelds and were not included here. The small-scale variational problem is deﬁned by a constrained minimiza-
tion problem with prescribed values of the long-scale constants,dUðw^; w^0; c; j; q; q0;uÞ ¼ ke
Z
Aðx1Þ
wTe dw^dAþ kq
Z
Aðx1Þ
wTq dw^dA; ð7Þ
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of Eq. (2). The solution is obtained by approximating the warping with an asymptotic expansion in the small
parameter h/l,w^ ¼ w^0 þ hl w^1 þ
h
l
 2
w^2 þ H :O:T : ð8ÞThe general solution to this problem was presented by Palacios and Cesnik (2005) for arbitrary cross-sec-
tional shapes. The ﬁrst-order solution results arew^ðx1; x2; x3Þ ¼ w^cðx2; x3Þcðx1Þ þ w^jðx2; x3Þjðx1Þ þ w^qðx2; x3Þqðx1Þ þ w^q0 ðx2; x3Þq0ðx1Þ þ H :O:T : ð9Þ
This linear optimal problem results in a set of matrices of warping inﬂuence coeﬃcients, fw^c; w^j; w^q; w^q0 g.
The ﬁrst-order asymptotic approximation to the warping displacements of Eq. (9) can be now substituted back
into the cross-sectional strain energy of Eq. (6). Integration of this energy in the cross-section deﬁnes the ﬁrst-
order asymptotic approximation to the cross-sectional stiﬀness matrix, [S], and to the actuation forces per unit
length, deﬁned as F ðaÞðuÞ;M ðaÞðuÞ;QðaÞs0 ðuÞ;QðaÞs1 ðuÞ
n o
. The ﬁrst approximation to the energy is:U ¼ cT jT qT q0T
  1
2
½S
c
j
q
q0
8>><>>:
9>>=>>;
F ðaÞðuÞ
M ðaÞðuÞ
QðaÞs0 ðuÞ
QðaÞs1 ðuÞ
8>><>>>:
9>>=>>>;
0BBBB@
1CCCCAþ H :O:T : ð10Þ2.2. Long-scale (longitudinal) problem
The small-scale problem has deﬁned homogenization constants for the cross-sectional characterization of
the slender solid. This results in a reduction to the reference line of the static equilibrium equations in the solid.
For a continuous slender solid of arc length L, one hasZ L
0
½dW  dUðc; j; q; q0Þdx1 dt ¼ dAþ H :O:T :; ð11Þwhere dA is the virtual action of the boundary forces and dW is the virtual work per unit length of the applied
forces. If the work is produced by distributed forces per unit volume, deﬁned by the column matrix,
lB(x1,x2,x3) with components in the deformed frame, B, it yieldsdW ¼
Z
Aðx1Þ
dX Ta C
aBlB dA: ð12ÞA set of generalized sectional force and momentum resultants are deﬁned now by the partial derivatives of
the strain energy with respect to the 1-D strains asF B ¼ @U
@c
 T
; MB ¼ @U
@j
 T
; Qs0 ¼
@U
@q
 T
; Qs1 ¼
@U
@q0
 T
: ð13ÞFB and MB are the internal forces and moments, given in the local deformed frame B. The components of FB
are the axial and transverse shear forces, while the components ofMB are the twist and bending moments. The
Qs terms are the conjugate forces to the deformation of the structure in the ﬁnite-section modes. The virtual
energy in Eq. (11) can be then written asdU ¼ dcTF B þ djTMB þ dqQs0 þ dq0Qs1 : ð14Þ
The virtual work of Eq. (12) and the energy variations of Eq. (14) must be rewritten as function of an
irreducible set of independent magnitudes. Here we pick the displacements and rotations of the reference line,
as well as the amplitudes of the ﬁnite-section modes, q. The independent virtual variables will be: dRa, the
R. Palacios, C.E.S. Cesnik / International Journal of Solids and Structures 45 (2008) 2097–2116 2101variation of the column matrix of components of the position vector in the inertial frame, a; dq, the variation
of the amplitudes of the ﬁnite-section modes; and dUa, the column matrix of virtual rotations from frame a,
formally deﬁned as in (Hodges, 1990)deUa ¼ dCaBCBa; ð15Þ
where ~ is the skew-symmetric (or cross-product) operator. From the kinematical relations in Eq. (5), the vir-
tual strain–displacement relations aredc ¼ CBa d
dx1
dRa þ eR0adUa  ¼ CBa ddx1 dRa
 
þ ~cþ ~e1ð ÞCBadUa;
dj ¼ CBa d
dx1
dUa
 
;
dq0 ¼ d
dx1
dq:
ð16ÞThe virtual 3-D displacement ﬁeld in the virtual work of Eq. (12) is written asdXa ¼ dRa  CaB ~nþ ~wqqþ ~^w
 
CBadUa þ CaBðwqdqþ dw^Þ: ð17Þ
Then, if the warping displacements, w^, are given by their ﬁrst-order asymptotic approximation, Eq. (9), the
virtual work per unit length takes the following form,dW ¼ dRTa CaBf0B þ dR0Ta CaBf1B þ dUTa CaBm0B þ dU0Ta CaBm1B þ dqTfs0 þ dq0Tfs1 : ð18Þ
The extended set of applied forces is deﬁned asf0B ¼
Z
A
lB dA; f 1B ¼
Z
A
w^Tc lB dA;
m0B ¼
Z
A
ð~n ~e1w^Tc ÞlB dA; m1B ¼
Z
A
w^TjlB dA;
fs0 ¼
Z
A
wTq þ w^Tq
 
lB dA; f s1 ¼
Z
A
w^Tq0lB dA;
ð19Þwhere the explicit dependencies with the strains have been neglected. As a result, Eq. (11) yields the intrinsic
equations for static equilibrium at the reference line, asF 0B þ eKBF B ¼ f 01B þ eKBf1B  f0B;
M 0B þ eKBMB þ ð~e1 þ ~cÞF B ¼ m01B þ eKBm1B  m0B;
Q0s1  Qs0 ¼ f 0s1  fs0 :
ð20ÞEq. (20) is an extension of the geometrically-exact intrinsic equations of Reissner (1973) to include non-clas-
sical eﬀects and the applied work in the local cross-sectional deformation. The solution to Eq. (20), together
with the appropriate boundary conditions at x1 = 0 and x1 = L, is ﬁnally obtained by a ﬁnite-element
discretization.
3. Camber-bending in active composite thin strips
The previous general formulation is applied now to the evaluation of camber bending deformation in
active composite thin strips. Consider a composite thin strip with constant ply angle (/) with the beam
axis (i.e., bending–torsion coupling) and two surface-mounted piezoelectric actuators symmetrically
bonded to it, as shown in Fig. 2. The actuators are mechanically isotropic and transversally-isotropic
on its piezoelectric properties and have equal voltage with opposite sign, as marked in the ﬁgure, which
produces a bending deformation of the beam along its longitudinal axis. From the elastic coupling, this
actuation will also twist the beam when the composite ﬁbers are not aligned with (/ = 0) or orthogonal
to (/ = 90) the beam axis.
tt
b
h
a
φ
PZT
x
x1
2
3
x
x
c
+V
–V
Fig. 2. Model of composite thin strip with piezoelectric actuators.
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bending of the strip in the transversal direction (bending about axis x1). This camber bending deformation
is not captured by conventional beam theories and will be analyzed here as a ﬁnite-section deformation mode.
The numerical analyses are based on the material properties for the composite laminate and the piezoelectric
given in Table 1. The actuator inverse piezoelectric constants are d3,11 = d3,22 = 4.064 · 1010 m/V, for an
actuator thickness tPZT = 0.254 mm.
3.1. Cross-sectional analysis
A 1-D linear elastic model for the thin strip is deﬁned using an assumed ﬁnite-section deformation mode for
the camber-bending. The resulting model has therefore ﬁve elastic degrees of freedom, corresponding to exten-
sion, twist, and bending in the three axes (transverse shear strains are not considered in the present analysis).
The reference line for the dimensional reduction is set at the area centroid of the cross-section, deﬁned as
x2 = x3 = 0. A parabolic mode shape is used, given by the following non-dimensional approximating function,Table
Elastic
EL
ET
GLT
mLTwqðx2; x3Þ ¼
0
0
r þ snþ n2
8><>:
9>=>;; with n ¼ 2x2h ; ð21Þwhere s and r come from the orthogonality conditions deﬁned by Eq. (2). For the current geometry, these con-
stants ares ¼ 0 and r ¼  4
h2
Iz
A
¼  1
3
: ð22ÞThe vertical displacement, u3, of a material point on a given beam cross-section, is then determined by the
displacement, w, and torsional rotation, h, of the reference line, together with the amplitude of the camber-
bending deformation mode, q, and the small warping corrections asu3ðx1; x2; x3Þ ¼ wðx1Þ þ hðx1Þx2 þ wqðx2; x3Þqðx1Þ þ w^ðx1; x2; x3Þ: ð23Þ1
material properties (L, along the ﬁbers; T, transverse to the ﬁbers)
Units Graphite–epoxy PZT-5H
GPa 141.9 48.3
GPa 9.79 48.3
GPa 6.0 18.8
– 0.3 0.3
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iation of the assumed mode in the x3 dimension. This was avoided here for clarity in the presentation,
although the assumed modes are deﬁned numerically and the only actual restrictions in their deﬁnition are
the orthogonality conditions of Eq. (2). The cross-sectional stiﬀness coeﬃcients and the actuation forces de-
ﬁned by Eq. (10), for a beam model that includes the ﬁnite-section modes deﬁned by Eq. (21), are obtained
using the computer code UM/VABS (Palacios and Cesnik, 2005). The numerical results show that extension
and bending about the vertical axis (x3) are uncoupled from the rest of the elastic deformations. Since the PZT
actuators do not induce any deformation in those degrees of freedom, they will be removed from the descrip-
tion of the deformation. It is also observed that the stiﬀness associated to the variation of the camber bending
amplitude along x1 is uncoupled from the remaining beam degrees of freedom. As a result, the ﬁnal constitu-
tive relations for an active composite thin-strip can be written as follows,M1
M2
Qs0
Qs1
8>><>>:
9>>=>>; ¼
S44 S45 S47 0
S45 S55 S57 0
S47 S57 S77 0
0 0 0 S88
26664
37775
h0
w00
q
q0
8>><>>:
9>>=>>;
M ðaÞ1
M ðaÞ2
QðaÞs0
0
8>>><>>:
9>>>=>>;: ð24ÞWe will deﬁne several parameters to study the values of the coeﬃcients in the constitutive relation. First,
consider the ratio between the stiﬀness associated to the ﬁnite-section amplitude and its longitudinal
derivative,d ¼
ﬃﬃﬃﬃﬃﬃ
S88
S77
r
: ð25ÞWe can further deﬁne the non-dimensional coupling stiﬀness coeﬃcients of the beam askij ¼
Sijﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
SiiSjj
p ; for i 6¼ j: ð26Þ
Since the actuation forces are deﬁned from the constitutive relations, they are assumed to be piecewise con-
stant along the beam, with non-zero values in the cross-sections covered by the active material. Figs. 3 and 4
show the values of the coupling stiﬀness ratio and the parameter d of a graphite–epoxy strip for varying ply
angle and diﬀerent width-to-thickness ratio. Only the composite strip without the actuator is included in those
results. It can be observed how the coupling between the camber bending and the classical modes (k47 and k

57)
has a similar behavior with changes of ply angle as the conventional twist/longitudinal-bending coupling (k45).
It is also interesting to observe that the elastic coupling between longitudinal- and chordwise-bending defor-
mations is not zero when the torsional mode becomes uncoupled. The maximum values of the coupling stiﬀ-
ness ratios go well beyond 0.5, what means that strong coupling eﬀects will appear. Note that the ply angle for
maximum coupling is not constant between the diﬀerent coupling terms (it occurs at about 25, 45, and 60
for k45, k

57, and k

47, respectively). The maximum value of the parameter d appears at smaller ply angles
(approximately 15). Finally, Fig. 4 includes the values of the same four parameters for a larger range of
width-to-thickness ratio. While the classical twist–bending elastic coupling (k45) tends to an asymptotic value
as h/t!1, the elastic coupling terms involving camber bending show a maximum value at intermediate val-
ues of h/t. Finally, the value of the parameter d, which shows the relative importance of including q 0 in the
description of the deformation, increases with the width of the strip for constant thickness.
The presence of bonded piezoelectric actuators to the composite strip will modify those stiﬀness constants.
However, since the actuator material is isotropic, it will not introduce additional elastic coupling eﬀects. It is
interesting to study the value of the deformation forces appearing under an applied voltage on the actuators.
Let the normalized actuation forces be deﬁned asjðaÞ1 ¼
M ðaÞ1
S44
; jðaÞ2 ¼
M ðaÞ2
S55
; qðaÞ ¼ Q
ðaÞ
s0
S77
: ð27Þ
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Fig. 4. Non-dimensional stiﬀness coeﬃcients for composite thin strip with varying geometry.
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Fig. 3. Non-dimensional stiﬀness coeﬃcients for composite thin strip with varying ply angle.
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free-strain of 1000 le. The thickness ratio between the composite strip and the actuator is ﬁxed to be
t/tPZT = 10. Top and bottom actuators have equal voltage and opposite sign, as shown in Fig. 2. The
non-dimensional measures of actuation in the ﬁgure depend on the ply orientation; however the actuation
in bending is essentially independent of the cross-sectional aspect ratio.
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Fig. 5. Non-dimensional piezoelectric forces with t/tPZT = 10 and 1000 le actuator free-strain.
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An analytical solution to the equations of static equilibrium at the reference line can be obtained. Consider
the change of variable x = x1  a shown in Fig. 2. Primes are used to denote derivatives with respect to x. It is
further assumed that deformations are small and are deﬁned by the three degrees-of-freedom introduced
above, i.e., longitudinal and chordwise bending, and twist. The equations of static equilibrium of forces are
obtained by simpliﬁcation of the intrinsic Eq. (20), yieldingM 01 þ m1 ¼ 0;
M 002 þ m02  f3 ¼ 0;
Q0s1  Qs0 þ fs0 ¼ 0;
ð28Þwhere m1(x) and m2(x) are the applied twist and bending moments per unit length, f3(x) is the applied vertical
force per unit length, and fs0ðxÞ is the applied bimoment per unit length. Eq. (28) deﬁnes a linear system of
ordinary diﬀerential equations that needs to be solved with the active constitutive relations deﬁned in Eq.
(24), as well as the appropriate boundary conditions due to displacement constraints, free surfaces, material
discontinuities, and point forces. Two situations of interest, which do not arise in classical beam theory, are
analyzed next.
3.2.1. Solution with actuation forces
An analytical solution to Eq. (28) can be obtained if it is assumed that there are no applied distributed
forces on the strip, that is,m1ðxÞ ¼ m2ðxÞ ¼ f3ðxÞ ¼ fs0ðxÞ ¼ 0: ð29Þ
Then, using the active constitutive relations deﬁned in Eq. (24), one obtains
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k54h
000  wiv þ k57q00 ¼ 0;
k74h
0  k75w00 þ q d2q00 ¼ qðaÞ;
ð30Þwherekij ¼ SijSii ; for i 6¼ j; ð31ÞFrom Fig. 4, it can be assumed that the parameter d deﬁned in Eq. (25) is much smaller than the typical
length of the beam, i.e., d a  b  c. That condition simpliﬁes the solution to the linear ODEs deﬁned
by Eq. (30), as one can postulate the appearance of a boundary layer of characteristic length d close to the
discontinuities in the beam (point forces, boundary constraints, change of material properties, etc.). In those
regions d2q
00
becomes important and one may ﬁnd rapid changes of the function q(x). Otherwise, d2q
00
can be
neglected and one can deﬁne an interior solution to Eq. (30). Both solutions are presented next. It is assumed
that the discontinuity appears at x = 0.
3.2.1.1. Interior solution. The interior solution (x d) is obtained by setting d = 0 in Eq. (30), yielding
qin ¼ qðaÞ  k74h0 þ k75w00: ð32ÞUsing this result in the top two equations of Eq. (30), a modiﬁed system for the interior solution in the clas-
sical beam variables is set asð1 k47k74Þh00in  ðk45  k47k75Þw000in ¼ 0;
ðk45  k47k75Þh000in  ð1 k57k75Þwivin ¼ 0:
ð33ÞThe general solution for the internal ﬁeld without external loads is simplyhinðxÞ ¼ h0 þ h1xþ 1
2
h2x2;
winðxÞ ¼ w0 þ w1xþ 1
2
w2x2 þ 1
6
w3x3;
qinðxÞ ¼ q0 þ q1x;
ð34Þwhere the coeﬃcients must satisfy the following relations,h2 ¼ k45  k47k75
1 k47k74 w3;
q0 ¼ qðaÞ þ k75w2  k74h1;
q1 ¼ k75w3  k74h2:
ð35ÞThe rest of the coeﬃcients in (34) are deﬁned from imposing continuity of the solution in the far ﬁeld of the
boundary layer solution, which is solved next.
3.2.1.2. Solution in the boundary layer. The complete set of Eq. (30) needs to be solved within the boundary
layer. The general solution can be written as:wðxÞ ¼ winðxÞ þ w; hðxÞ ¼ hinðxÞ þ h; qðxÞ ¼ qinðxÞ þ q; and kxk  d; ð36Þ
where the terms with overbars are the boundary layer corrections. Substituting in Eq. (30), we are left with the
following homogeneous system:h00  k45 w000 þ k47 q0 ¼ 0;
k54 h
000  wiv þ k57 q00 ¼ 0;
k74 h
0  k75 w00 þ q d2 q00 ¼ 0;
ð37Þ
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There are only two non-zero roots in the resulting eigenvalue problem and they are given byr ¼ 	 1
d
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 k57k75 þ k74k47  2k45k57k74
1 k45k54
s
¼ 	 1
d
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 k
2
57 þ k274  2k45k57k74
1 k245
s
: ð39ÞFor the values of the non-dimensional coupling stiﬀness coeﬃcients presented in Fig. 3, these eigenvalues
are real numbers. However, only the negative real root will provide a feasible solution to the problem for
x > 0. Its associated eigenvector is given byhð0Þ
qð0Þ ¼ 
1
r
k47  k45k57
1 k45k54 ;
wð0Þ
qð0Þ ¼
1
r2
k57  k54k47
1 k45k54 :
ð40ÞThere are two situations in which this solution can be simpliﬁed: (1) if there is no coupling between the
camber bending and the classical modes (k47 = 0; k57 = 0), or (2) in the limit h! 0, then it is r = ±d1,
hd(0) = 0, and wd(0) = 0. Then, the boundary layer correction only appears in the camber bending deforma-
tion and the interior solutions win and hin will be also valid within the boundary layer. The simpliﬁed form of
the solution in those cases iswðxÞjh!0 ¼ winðxÞ; hðxÞjh!0 ¼ hinðxÞ; qðxÞjh!0 ¼ qinðxÞ þ qð0Þex=d; ð41Þ
where again only the negative eigenvalue has been considered. Coeﬃcients in the displacement ﬁeld deﬁned by
Eq. (36), together with Eqs. (34) and (38) are obtained once the boundary conditions are deﬁned.3.2.2. Solution with distributed (bimoment) loading
A second solution of interest appears when there is a distributed loading on the strip. Among the possible 1-
D applied forces in Eq. (20), the case of applied bimoment, fs0ðxÞ, is of particular interest as it does not appear
in classical beam theories. Fig. 6 shows two typical loading conﬁgurations that create a bimoment at the ref-
erence line with no resultant forces and moments. The ﬁgure also includes the resulting bimoment for both
loads, according to the deﬁnition of the camber-bending ﬁnite-section mode given in Eq. (21).
To obtain the analytical solution, it is assumed that the applied bimoment varies linearly along the beam,
that is,fs0ðxÞ
S77
¼ p0 þ p1x; if 0 6 x 6 b; ð42Þand it is zero outside this region. From the constitutive relations of Eq. (24), without actuation forces, Eq. (28)
can be now expressed asM Mx3
x2
h
F
x3
x2
F
2F
a b
0
8
s
Mf
h
=
0
2Fsf =
Fig. 6. Diﬀerent distributed loadings that create a bimoment in a strip section.
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k54h
000  wiv þ k57q00 ¼ 0;
k74h
0  k75w00 þ q d2q00 ¼ p0 þ p1x:
ð43ÞAs before, it is assumed that the parameter d is much smaller than the typical length of the beam, i.e.,
d a  b  c, and the problem is solved using a boundary layer approximation. The interior solution is ﬁrst
obtained by setting d = 0 in Eq. (30), yieldingq ¼ p0 þ p1x k74h0 þ k75w00; ð44Þ
which deﬁnes the following system of equations for the interior solution in the classical beam variables:ð1 k47k74Þh00in  ðk45  k47k75Þw000in ¼ k47p1;
ðk45  k47k75Þh000in  ð1 k57k75Þwivin ¼ 0:
ð45ÞThe solution to this problem is given again by polynomial expressions similar to those deﬁned in Eq. (34).
In this case, the coeﬃcients of these expressions must satisfy the following relations,h2 ¼ ðk45  k47k75Þw3  k47p1
1 k47k74 ;
q0 ¼ p0 þ k75w2  k74h1;
q1 ¼ p1 þ k75w3  k74h2:
ð46ÞThe rest of the coeﬃcients in Eq. (34) are deﬁned from imposing continuity of the solution in the far ﬁeld
of the boundary layer solution. Finally, assuming that d p0p1, that is, that the rate of longitudinal variation
of the applied bimoment is large compared with the size of the boundary layer, then expressions (36) and
(37) still determine the boundary layer correction to the problem, whose solution is in this way completely
determined.
3.2.3. Some particular solutions of interest
The general analytical solution for a thin strip with external applied loads and piezoelectric actuation
can be obtained by application of the principle of superposition for linear systems. First, given the load
distribution, a particular solution to Eq. (28) can be obtained. In typical loading conﬁgurations, the cam-
ber bending corrections may be negligible at this step and a more conventional beam theory could be used.
Second, the contribution to the solution due to the piezoelectric actuation is obtained from Eq. (30) and
the corresponding boundary conditions. Two important solutions to this second problem are presented
next.
3.2.3.1. Clamped beam with uniform actuation. This solution is obtained for a cantilever beam with actuators
covering the beam length and no external applied forces. It is therefore a = c = 0 in Fig. 2. The boundary con-
ditions for this case are:hð0Þ ¼ wð0Þ ¼ w0ð0Þ ¼ qð0Þ ¼ 0;
M1ðbÞ ¼ M2ðbÞ ¼ M 02ðbÞ ¼ Qs1ðbÞ ¼ 0:
ð47ÞThe coeﬃcients in Eqs. (34) and (38) are then given by,h1
w2
q0
8><>:
9>=>; ¼
1 k45 k47
k54 1 k57
k74 k75 1
264
375
1
jðaÞ1
jðaÞ2
qðaÞ
8><>:
9>=>;; ð48Þ
h2 ¼ 0; w3 ¼ 0; q1 ¼ 0;
qð0Þ ¼ q0; qðbÞ ¼ 0;
h0 ¼ hð0Þ; w0 ¼ wð0Þ; w1 ¼ rwð0Þ;
ð49Þ
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while it does have an impact in clamped conditions.
3.2.3.2. Clamped beam with tip actuation. Another situation of interest appears when the piezoelectric actuator
is mounted at some point along the strip. To study this conﬁguration, we consider the solution to a clamped
beam with an outboard actuator and no applied loads, that is a5 0, b5 0, c = 0. Two regions are identiﬁed
in the beam: a passive region (a < x < 0) with no actuation and the elastic properties of the composite thin
strip (deﬁned by the normalized coeﬃcients kaij), and the active region (0 < x < b) with constant actuation
forces and elastic properties that include the stiﬀness of the actuator (normalized coeﬃcients kbij). The bound-
ary conditions for this case can be written as:
(1) Clamped root (x =  a):
hðaÞ ¼ wðaÞ ¼ w0ðaÞ ¼ qðaÞ ¼ 0: ð50Þ(2) Free end (x = b):M1ðbÞ ¼ M2ðbÞ ¼ M 02ðbÞ ¼ Qs1ðbÞ ¼ 0: ð51Þ
(3) Interface between both material regions (x = 0):hð0þÞ ¼ hð0Þ; wð0þÞ ¼ wð0Þ; w0ð0þÞ ¼ w0ð0Þ; qð0þÞ ¼ qð0Þ;
M1ð0þÞ ¼ M1ð0Þ; M2ð0þÞ ¼ M2ð0Þ; M 02ð0þÞ ¼ M 02ð0Þ; Qs1ð0þÞ ¼ Qs1ð0Þ:
ð52ÞThese 16 conditions determine the 16 independent unknowns in the problem, which are the constants in wk
(k = 0, . . ., 3) and hk (k = 0, 1) in both regions, and qðaÞ; qð0Þ; qð0þÞ, and qðbÞ. The rest of the coeﬃcients in
Eqs. (34) and (38) are given by Eqs. (35) and (40). The solution to this linear system of equations can be writ-
ten as follows:
For a< x< 0:w0 ¼ w1 ¼ w2 ¼ w3 ¼ h0 ¼ h1 ¼ qðaÞ ¼ 0; ð53Þ
qð0Þ ¼ r
d2brbðra þ rrbÞ
qðaÞ  kb74jðaÞ1  kb75jðaÞ2
 
: ð54ÞFor 0 < x < b:w0 ¼
kb57r3a þ rka57r3b
d2br2ar
4
bðra þ rrbÞ
qðaÞ  kb74jðaÞ1  kb75jðaÞ2
 
;
w1 ¼
kb57r2a  rka57r2b
d2brar
3
bðra þ rrbÞ
qðaÞ  kb74jðaÞ1  kb75jðaÞ2
 
; ð55Þ
w2 ¼ 1
d2br
3
b
kb57qðaÞ þ kb54jðaÞ1  kb55jðaÞ2
 
w3 ¼ 0
h0 ¼ 
kb47r2a  rka47r2b
d2brar
3
bðra þ rrbÞ
qðaÞ  kb74jðaÞ1  kb75jðaÞ2
 
ð56Þ
h1 ¼ 1
d2br
2
b
kb47qðaÞ  kb44jðaÞ1 þ kb45jðaÞ2
 
qð0þÞ ¼ ra
d2br
2
bðra þ rrbÞ
qðaÞ  kb74jðaÞ1  kb75jðaÞ2
 
ð57Þ
qðbÞ ¼ 0;
where
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Sa88
; ð58Þ
kaij ¼ kaij  kaikkakj
1 ka45ka54 ; fi; j; kg are permutations of f4; 5; 7g and a ¼ fa; bg; ð59Þ
kb55 ¼ 1 kb47kb74
1 kb45kb54 ;
kb44 ¼ 1 kb57kb75
1 kb45kb54 : ð60Þ4. Numerical results
This section compares results obtained with three diﬀerent models for the deformation of an active com-
posite thin strip including camber bending eﬀects: (1) the analytical solution to the linear static equations
for a active composite thin strip given in Eq. (28); (2) the general 1-D ﬁnite element solution with ﬁnite-section
modes to the intrinsic beam equilibrium equations (20), implemented in the computer code UM/NLABS; (3) a
second-order polynomial ﬁtting at the cross-sections of a plate model in MSC.Nastran using thermal analogy
for the actuation. The polynomial ﬁtting gives w, h, and q as the zero, ﬁrst and second-order approximation to
the vertical displacements of each cross-section, respectively. In addition to this, experimental results were
obtained for a similar conﬁguration by Chandra and Chopra (1993). Those results will be also compared with
those obtained by the present methodologies. When present, PZT actuators have a thickness tPZT = 0.254 mm
and a voltage of V = 150 V, which corresponds to a free strain of 240 le. The actuator width is always the
same width as the width of the thin-strip, i.e., h in Fig. 2. Material properties for the composite strip and
the piezoelectric actuators are those of Table 1.
4.1. 1-D response to surface-mounted actuators
As a ﬁrst example, consider a cantilever composite thin strip fully covered by PZT actuators, (a = c = 0
in Fig. 2), with no external applied forces, and with cross-sectional dimensions given by h = 25.4 mm and
t = 2.79 mm. Fig. 7 shows the vertical displacements, twist angle and camber-bending amplitude along the
beam length in the root region. It includes numerical results obtained with both 1-D solutions for several
ply orientations, which are compared to the shell ﬁnite-element results obtained with MSC.Nastran. It can
be ﬁrst noted a good overall matching between all solutions, which predict boundary layer eﬀects extending
for slightly over one beam width, x/h  1. The 1-D analytical boundary layer approximation follows closely
the actual solution to the numerically solution to the general 1-D problem given by the ﬁnite-element
method, with only a little overprediction of the exponential terms within the boundary correction of the
camber bending amplitude. As for the 1-D ﬁnite-element estimation of camber bending amplitudes, they
approximate better the shell results with higher ply angles while having an initially larger exponential
growth at / close to zero. This can be attributed to the diﬀerent boundary conditions between the shell
and the 1-D problem. The shell solution actually constrains the 3-D warping ﬁeld at the beam root, while
the 1-D problem only zeroes the averaged values of the displacement ﬁeld. This problem does not occur
when the boundary conditions are deﬁned by material discontinuities, and this is shown in Fig. 8. There
numerical results are presented for a cantilever thin strip with no external forces and an actuator located
in the beam tip region (a5 0, b5 0, c = 0). Again, it was h = 25.4 mm and t = 2.79 mm and the solution
is only presented in the area close to the discontinuity (2h < x < 2h). Note as before that the boundary
layer correction spans about one beam width, jxj/h  1. In this case both solutions to the 1-D equations
agree very well and provide a very good approximation to the second-order polynomial expansion of the
plate solution. The slope discontinuity that appears in the camber bending amplitude at x = 0 is due to
the last jump condition in Eq. (52) on the camber-bending generalized moments, since it implies
q
0
(0) = rq
0
(0+).
The relative importance of the camber bending deformation can be seen in Fig. 9. It shows the actual
deformed shape of the strip with tip actuation for the conﬁguration analyzed in Fig. 8, as obtained from a
shell ﬁnite-element model with b = 2h and ply angle / = 0. As it can be observed, the contribution of camber
bending to the total deformation of thin strips with transversally-isotropic actuators can be quite signiﬁcant.
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YZ
X
Fig. 9. Deformed shape of thin strip with tip actuation from shell model (/ = 0).
2112 R. Palacios, C.E.S. Cesnik / International Journal of Solids and Structures 45 (2008) 2097–2116The eﬀect of the cross-sectional geometry is studied in Fig. 10 for 30 ply orientation. For a given thickness
of the composite strip (t = 2.79 mm), plates of diﬀerent aspect ratios are simulated using the 1-D ﬁnite-element
solution to Eq. (20). To allow direct comparison, results are given with respect to the normalized actuation
forces deﬁned in Eq. (27). It can be observed that the boundary eﬀects remain bounded to jxj/h  1, although
the small corrections at x close to zero in both the vertical displacement and the twist rotation are almost neg-
ligible for higher cross-sectional aspect ratios.–2 –1.5 –1 –0.5 0 0.5 1 1.5 2
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tal and numerical results of the bending slope and twist angle at the beam tip. The geometric parameters are
h = 25.4 mm; t = 2.79 mm; a = 38h; b = 2h; c = 0. To reproduce the classical response of the beam (i.e., tor-
sion and twist) with its proposed assumed-kinematics model, they had to include an explicit degree of freedom
for the camber-bending. This limitation does not occur with a variational asymptotic reduction process, in
which twist and deﬂection are properly estimated regardless of the inclusion of a ﬁnite-section mode for
the speciﬁc deformation shape. This can be seen in Fig. 11 from the correlation between the experimental
results and the 1-D ﬁnite-element solution to the beam static equilibrium equations given by Eq. (20), without
adding camber bending. Including camber bending in the formulation expands the characterization of the
beam deformation, but do not signiﬁcantly improve the information on previous existing deformation
measures.4.2. 1-D response to applied bimoments
Consider again the thin strip deﬁned in Fig. 2, for which it is assumed that h = 27.9 mm, t = h/10, and
a = 2h, b = 4h, c = 2h, and that there are no bonded actuators. The following distributed vertical force per
unit length is applied on the strip,F 3ðx; x2; x3Þ ¼ Pxb ; at 0 < x < b; x2 ¼ 	
h
2
; x3 ¼ 0;
F 3ðx; x2; x3Þ ¼  2Pxb ; at 0 < x < b; x2 ¼ 0; x3 ¼ 0;
ð61Þwhich corresponds to the second load distribution shown in Fig. 6. For camber bending deformation deﬁned
by the ﬁnite-section mode of Eq. (21), the applied load deﬁned in Eq. (61) creates a local bimoment on each
cross-section, which can be obtained from the corresponding equation in Eq. (19). If the contribution of the
warping ﬁeld to the deﬁnition of the applied forces in Eq. (19) is neglected, integration of the load on each0 5 10 15 20 25 30 35 40 45
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deformation,fs0ðxÞ ¼ 2Pxb ; at 0 < x < b: ð62ÞNote that since the deﬁnition of the ﬁnite-section mode in Eq. (21) is non-dimensional, this the corre-
sponding bimoment has dimensions of force per unit length. The 1-D vertical displacement, rotation, and
amplitude of the camber-bending deformation of the composite thin strip corresponding to this load (for
P = 100 N/m) are shown in Fig. 12 for diﬀerent ply angles. Results compare the direct ﬁnite-element
solution of the 1-D equilibrium equations (20) and the second-order polynomial ﬁtting of a shell ﬁnite-
element model.
It should be noted that the load distribution deﬁned in Eq. (62) creates no resultant forces or moments at
the reference line of the strip and therefore it would not be captured by a more conventional beam theory.
However, the elastic couplings for ply angles /5 0 results in a strip that also has ‘‘beam-like’’ (bending/twist)
deformations under the applied bimoment. As it can be seen in Fig. 12, the ﬁnite-section mode deﬁned in Eq.
(21) approximates very well the deformations created on the strip by the loading of Eq. (62). The small dif-
ferences between the results from the 1-D and the 2-D models can be attributed to the local eﬀects in the shell
model that appear due to the concentrated loads on both its edges and midline. These diﬀerences become more
important as the transversal stiﬀness decreases (smaller ply angle). As in the case of constant actuation, an
interior solution to the problem is obtained for a linear variation of the load and boundary corrections appear
around the points of discontinuity (x = 0 and x = b). These corrections are still bounded to a length scale of
the order of the strip width (h). Therefore, for composite thin strips where the typical length of interest in the
longitudinal dimension is signiﬁcantly larger than the strip width, a (Saint-Venant) interior solution, such as
the one deﬁned by Eq. (34) for the constant actuation case, can be used to approximate the elastic
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A generalization of a Timoshenko-like beam theory for non-isotropic materials has been presented. The
equations of equilibrium of forces and moments have been expanded to include measures of non-classical
deformations. They are deﬁned by means of a set of approximating functions for the cross-sectional displace-
ment ﬁeld (ﬁnite-section modes). These assumed ﬁnite-section modes are only considered as averages of the
actual deformation, which is completed by the asymptotic minimization of the cross-sectional warping ﬁeld.
Therefore, ﬁnite-section modes are no diﬀerent in this respect to the classical beam strains (bending–exten-
sion–shear–twist – BEST – description), which can be seen as the only possible modes of deformation of a
cross-section of negligible area (inﬁnitesimal-section modes). The generalization of the beam equilibrium
equations has also included a correction to the beam forces to account for the work associated to cross-sec-
tional (warping) deformation of the beam. Although these new forcing terms are usually negligible, their con-
tribution should allow the accurate 1-D modeling of structures with a signiﬁcant cross-sectional deformation,
such as loaded bars with large thermal expansions.
The case of composite thin strips with surface piezoelectric actuators has been then to exemplify the use of
ﬁnite-section modes to capture camber bending deformation. For this case, analytical solutions to the linear-
ized 1-D equilibrium equations are possible for simple external or actuation loads, which have served as par-
tial validation of the implementation of a ﬁnite-element solution of the generalized beam equilibrium
equations. Results have shown the appearance of signiﬁcant elastic couplings between the deformations in
camber bending, longitudinal bending, and twist. As a result, applied bimoment, which are not captured
by a BEST beam description, may induce the vertical displacements or torsional rotations of the strip. They
also show that signiﬁcant boundary eﬀects associated to the camber bending deformation appear in the dis-
continuities (point forces, boundary constraints, change of material properties). These boundary eﬀects have a
similar mathematical origin as the restrained warping eﬀects in the Saint-Venant’s torsion theory. However, as
they become important in the area around the end of the actuators they need to be considered in the analysis.
It was found that the typical length of this boundary corrections is of the order of the strip width, h, and there-
fore they could only be neglected when the typical length of interest along the beam axis is much larger that
this value. Note that this is equivalent to neglecting the contribution of the ﬁnite-section generalized moment,
Qs1 , to the static equilibrium equations.
It is ﬁnally important to remark that the while the 1-D equilibrium equations can often be easily solved for
simple load conditions, as it was done here, the actual generation of the 1-D models of slender structures (with
or without non-classical eﬀects) requires ﬁrst the calculation of homogenization constants of the beam cross-
sections. For arbitrary cross-sectional shapes and material distributions, this can only be done through a
numerical solution process, such as the one implemented by the authors in the computer code UM/VABS
(Palacios and Cesnik, 2005). The combined use of both present cross-sectional and one-dimensional solution
methods allows the analysis of a large class of active and passive structures to which a rather relaxed deﬁnition
of slenderness can be applied.
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